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We prove existence theorems for random differential equations defined in a 
separable reflexive Banach space. These theorems are proved through the use of 
theory of random analysis established in [X. Z. Yuan, Random nonlinear mappings 
of monotone type, J. Math. Anal. Appl. 191 which differs from the other means, for 
example in [R. Kannan and H. Salehi, Random nonlinear equations and 
monotonic nonlinearities, J. Math. Anal. Appl. 57 (1977), 234256; D. Kravvaritis, 
Existence theorems for nonlinear random equations and inequalities, J. Math. Anal. 
Appl. 86 (1982), 61-73; D. A. Kandilakis and N. S. Papageorgious, On the existence 
of solutions for random differential inclusions in a Banach space, J. Math. Anal. 
Appl. 126 (1987) 1 i-231. 0 1992 Academic Press, kc. 
1. INTRODUCTION 
In this paper we discuss the equation of existence of random solution of 
random nonlinear abstract Hammerstein equation. In the deterministic 
case the theory of monotone mappings to nonlinear Hammerstein equation 
has been extensively developed over the last decade. But in the theory of 
random nonlinear problems, to our knowledge, most of the recent work 
has been applications of Banach’s contraction mappings theorem. In the 
following we propose to apply the results in [8 J, developed by us in order 
to obtain random solutions of nonlinear Hammerstein equation. 
2. PRELIMINARIES 
Throughout this paper, X denotes a separable reflexive Banach space. 
0 denotes a measurable space. B(Q, X) indicates the set of all the measurable 
mappings which are single-valued from 52 to X. An integral equation 
(generally nonlinear) of random Hammerstein type has the form 
4x, 0) + s, 4% Y> ~)f(Y, U(Y), 0) dY = w(x, 01, (1) 
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where 
(i) C is a cr-finite measurable space. 
(ii) Q is a measurable space. 
(iii) k(x, y, w) is a function from C x Z x Sz into the space of all 
linear transformations on R”. 
(iv) f is a given nonlinear mappings from Z x IR” x 52 into R”. 
(VI w is a known function and u is an unknown function in the class 
of all n-vector functions on C x 52. 
In order to consider the abstract Hammerstein equation for the existence 
of random solution we transform it into an operator equation in the spirit 
of nonlinear functional analysis. Let 
(i) F be the random Nemytskii operator defined by 
F(w U)(Y) =fh 4~), 0). (2) 
(ii) A be the random linear operator to the kernel k(x, y, o) defined 
bY 
(3) 
Then the random Hammerstein equation may now be written as 
U+AFU=w (4) 
which is a random nonlinear operator equation. 
3. THE EXISTENCE OF RANDOM SOLUTION ON 
RANDOM ABSTRACT HAMMERSTEIN EQUATION 
In this section, we will find the theory of random nonlinear mappings of 
monotone type has an important application in the study of existence of 
random solution on abstract random Hammerstein equation. 
Consider a separable reflexive Banach space X, its dual space X*, 52 is 
a measurable space and the random Hammerstein equation 
(I+ AF)Ug w, (5) 
whereF:SZxX-+2X*and A:QxX* + 2x are in general random nonlinear 
mappings and W: Q + X is a measurable mapping. It is obviouse that the 
form (5) is an abstract form of random Hammerstein type (1) and (4). 
We state the results from [S] in the following. 
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THEOREM I [8, 1.31. Let C be a closed subset of X. If T: Sz x X --) 2x* is 
a random lower semicontinuous maximal monotone bounded closed convex 
valued mappings with 0 E D( T(o)) n C for any w E 52. The random mappings 
P: D x C -+ X* is pseudo-monotone which is coercive to h E B(Q, X*). Then 
there exists at least one element UE B(Q, X) such that 
h(w) E (T(w) + P(w)) u(w) for all w E 0. 
THEOREM II [S, 3.11. Let T: Q x X + 2x* be a random lower semicon- 
tinuous maximal monotone mappings and for any fixed w E 52, T; ’ is locally 
bounded. Then for any f E B(SZ, X*), there exists an element u E B(Q, X) such 
that 
f(w)ET(w)u(w) forall WEQ 
in which T;‘(z) = (x E X, z E T(w)x} for each fixed w E Q. 
We now prove the existence of random solution of nonlinear random 
Hammerstein equation. 
THEOREM 3.1. Suppose that A: Q x X* +2x is a random maximal 
monotone mapping such that int A(w x X*) # Qr for any w EQ and the 
F: 52 x X + X* is a random bounded coercive pseudo-monotone operator. 
Then for each w E B(G, X) there exists a random solution u E B(Q, X) of 
Eq. (5). 
Proof By (5), u E B(Q, X) is a random solution provided that 
OeFu-A-‘(w-u). 
Define a new mapping A w: Q x X + 2x by setting for any fixed w E Q, let 
A-‘(~,~)={~EX,UEA(~,~)} 
A,(w, u) = -A -‘(w, w - u). 
Since int(A(w x X*))#@, by the Robinson-Ursescu theorem in [7] 
we know that for each fixed w E Q, A -I is lower semicontinuous 
on int(A(w x X*)). It follows that A,,,: Q x X+2x’ is a random lower 
semicontinuous maximal monotone mapping A,,,: D x X-+ 2x’ for each 
(w, x) E Sz x X the subset AJo, x) is closed convex valued by the results of 
F. E. Browder in [4]. Hence, by Theorem I there exists at least one 
element UE B(S2, X) such that 0~ (P+A,)u, this is 
w(w) E (I+ AF) u(w) 
The proof is complete. 
for all w E Q. 
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We know that when T: X+ X* is a coercive hemicontinuous bounded 
monotone operator with D(F) = X, then F is pseudo-monotone operator, 
so we have the following corollary. 
COROLLARY 3.1. Let A: s2x X* +2x be a random maximal mapping 
such that intA(wxX*)#@ for any fixed oes2 and F:SZxX+X* is a 
random bounded coercive hemicontinuous monotone operator with D(F) =X 
for any fixed o E 52. Then Eq. (5) has a random solution. 
Now we obtain results on the existence of a random solution of the 
nonlinear Hammerstein equation by the theory established in [S] which 
differs from the other methods, for example, in [ l-3,6]. Next we give the 
existence of a random solution on a random Hammerstein equation in a 
separable reflexive Banach space with noncoercive mappings based on the 
results in [8], i.e., Theorem II. 
THEOREM 3.2. Let A: D x X* -+ X be a random hemicontinuous monotone 
mapping with D(A) =X for any fixed w E Q and let F: Q x X + 2x* be a 
random bounded maximal monotone mapping such that int F(w x X) # 0 for 
each fixed w E Q. Zf for each fixed w E Sz, (I+ AF))’ : X + 2x is a locally 
bounded mapping. Then for each w E B(SZ, X) there exists a u E B(S2, X) such 
that 
(I+ AF)u= W. 
Proof Let v = u - w and consider the mapping F,(w, v) = F(w, v + w). 
Then the Random Hammerstein equation can be written in the 
homogeneous form 
v(w) + AFJw, v(w)) = 0 for all w E Sz. 
Since maximality is invariant under translations, FW is a maximal 
monotone mapping. For each fixed w E Q, the mapping (I+ AF,,,) ’ 
remains locally bounded. Indeed, if yn~ (I+ AF,) u,(w) with y, + y in X 
for each fixed o E Q, then 
y, + w E (u, + w) + AF(u, + w) and y,+w-+y+winX 
By the local boundedness of (I+ AF))’ it follows that {u, + w} is bounded 
in X and so is (u,}. Hence, we may take w = 0 without loss of generality. 
Suppose that u E B(SZ, X) is a random solution of the equation 
u-tAFu=O (1’) 
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For each fixed o E Q, let g E Fu then u E F-‘g and (1’) is equivalent to 
OE(F-‘+A)g. (2’) 
Since F-’ is maximal monotone for each fixed o E Q and D(A) = X*, we 
conclude that F-’ + A is also maximal monotone. 
On the other hand, for each fixed o E Q, the mapping (F- ’ + A) -’ from 
X-r 2x* is locally bounded. 
In fact, let {g,} EX* and {x,} CX be two sequences such that 
x,E(F-‘+A)gforeachnENandx,-,xinX. Wemust show that {gn} 
is bounded. Consider u, E F-‘g, such that 
x, = u, + Ag, = u, + AFu, = (I+ AI;) u,. 
By hypothesis, (I+ AF)-’ is locally bounded and thus {un} is bounded. As 
the F is a bounded mapping, the sequence { gn} with g, E Fu, is also 
bounded. 
Since for each fixed o E 52, int(F(w x X)) # fz! so F-’ is a lower semicon- 
tinuous random maximal monotone mapping by Robinson-Ursescu in [7] 
and for each fixed w E 52, (F-l + A)-’ is locally bounded. Then by 
theorem II [8, 1.31 we know that there exists a gEB(Q, X*) which is a 
random solution of Eq. (2’), so the proof is complete. 
In the case of the Hammerstein equation with A: Q xX* -+ X linear for 
each fixed o ~0, we can leave out the boundedness of F and obtain the 
following. 
PROPOSITION 3.1. Let A: Q x X* -+X be a random linear monotone 
operator on variable x E X for each fixed o E 52 and D(A) = Q x X* and let 
F:Qxx-+2x* be random monotone hemicontinuous mapping of D(F) = 
0 x X. Suppose that for each fixed w E Q, the mapping (I+ AF)-‘: X -+ 2x 
is IocalIy bounded. Then for each w E B(Q, X) there exists a u E B(Q X) such 
that (I+ AF)u = w. 
ProoJ: For each fixed o EQ, we know in the previous proof that it is 
sufficient to show that 0 E (I+ AF), or equivalently that there exists a 
u E B(Q, X) such that for each fixed o E 52 
OE(A-‘+F)u(o). 
As A is a linear monotone operator with D(A) = Q x X* we know that 
it is continuous. Hence, both operator A and F are maximal and for each 
fixed w E Q, S = A -’ + F is also maximal monotone. In order to obtain the 
result of Proposition 3.1 we only need to prove that for each fixed ~~52, 
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S-’ is locally bounded, that is, for any given {un} c X the condition 
g, E Su, and g, -+ g in X* imply the boundedness of { un}. 
In fact for each fixed w E 0, since g, = f, + FM, with f,, E A -- ‘u,, we have 
Ag, = Afn + AFu, = (I+ AF) u, 
and by the continuity of A it follows that Ag, + Ag in X, thus for each 
fixed o E Sz the local boundedness of (I + AF) ~ ’ implies that {u, } is 
bounded. This completes the proof. 
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